Numerical methods
of
the fractional calculus

(continued I1)

Computation of binomial coefficients

The following coefficients appear frequently (e.g.,in GI):
wl® = ( 1) (:) E=0,1,2, ...,
It is possible to use the following recurrence:
Wl =1 Wl = (1 - OTH> W, k=123 ..

Possible MATLAB code:

function y=bcrecur(a, n)
y=cumprod ([1l, 1 - ((a+l) ./ [1:n])]);

Computation of the Mittag-Leffler function

(I Directly using the definition:

function y=mitlef (alpha,beta,z,N)

Evaluation of the Mittag-Leffler function in two parameters:
E_{alpha,beta} (z), using its series expansion.

%

%

%

% PARAMETERS:
% alpha - first index (scalar), beta - second index (scalar)
% z - row vector of values of the function argument

% N - number of terms in the power expansion (scalar)

% OPTIONAL, default N=100.

if nargin<d, N=100; end

ml=max(size(z));
m2=min (size(z)
if m2>1, z=z(1

k=repmat ((1:N)',1,ml);

t=repmat(z,N,1);

t=t. A (k-1) ;

a=repmat (gamma (alpha* ( (1:N) '~1)+beta), 1, ml);
y=sum(t./a);

Computation of binomial coefficients

>> berecur (1.8,10) i for each routine make a qualitative check

ans =
Columns 1 through 8

1.0000 -1.8000  0.7200  0.0480  0.0144  0.0063  0.0034  0.0020
Columns 9 through 11

0.0013 0.0009 0.0007

Computation of the Mittag-Leffler function

(2) There is a routine at MATLAB File Exchange:

htep:/A al/fil 2obj =8738&objectType=FILE

MLF (alpha,beta, Z, P)
is the Mittag-Leffler function E,ipna,beta(Z) evaluated
with accuracy 107 for each element of z.
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>> berecur (2,10) and check the backward compatibility for integer orders

ans =
1 -2 1 0 0 0 0 0 0 0 0
>> berecur (3,10)
ans =
Columns 1 through 8
1.0000 -3.0000  3.0000 -1.0000 0 0 0 0
Columns 9 through 11

[ 0 0

Computation of the Mittag-Leffler function

(2) There is a routine at MATLAB File Exchange:

08 E.3(Z), a=11:01:19,=1
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Computation of fractional derivatives

9%9%% FRACTIONAL DERIVATIVES (12.14.00)
9%%% Hany Farid (farid@ | www.cs.dartmouth.edu/~farid
X%

Hany Farid:

clear;
set( gef, Renderer’, ‘zbuffer );

dim = 25

ramp. = [-dim:dim-

ramp. = pi * ramp/dim;

o= expi (rimp."Z)I(O 5)) % GAUSSIAN

o= % ZERO-MEAN:AVOID DISCONTINUITY
Foo= msmm m( 0y % FOURIER TRANSFORM

9%%% CYCLE THROUGH FRACTIONAL DERIVATIVES

 * ramp).An % F; % MULIPLY BY RAMPAn
= ife( ffeshifc(Fr) ): % INVERSE FOURIER TRANSFORM
if( mean( abs(imag(fn)) ) > le-5) % FOR REAL SIGNALS
fprincf( 1, 'Non-zero imaginary component (%f)\n, mean(abs(imag(f))) );
return;

=/ max(:bs(!nj) % NORMALIZE

© = sprintf(%0.2f,n %PLOT...

ple!( real(ln) )
0,1.0, sprintf( ‘%0.2f.n ) );

ax‘s( [o 2%dim -1.2 1.2] );axis square;

h = line( [dim dim],[-1.2 1.2] );

seq h, LineStyle’, " );

drawnow;

Computation of fractional derivatives

Hany Farid (www.cs.dartmouth.edu/~farid):

Zeroth through fourth-order normalized derivatives of a Gaussian in steps of 0.5.

Digital fractional differentiators

Ivo Petras -- IIR version:
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Digital fractional differentiators

Ivo Petras -- Finite Impulse Response (FIR) version:

function eysdfod=dfodz(n,T.z)
ysdfod=dfod2 (n,T,x) : digital fractional order differentiator

i Grie st P
Ao Croe Hram e PR o
Copyright (c), 2003.
ane () Diital Fractional Order iferentiator/
£ 50 integrator - FIR type.

bo=cumprod ([1,1- ((r+1) ./[1:a1) 1) 7
sysdfod=£ilt (be, [Trr] 1) ¢

H and integrator

5

% output: =>

% Discrete system in the form of the FIR filter of the order n

% obtained by power series expansion of the backward difference.

5

% Inputs: <=

% n: order of truncation (min n=100 is recommended)

% T: sampling period in [sec]

% r: approximated fractional order (sr), r is generally real number
%

% Author: Dr. Ivo Petras (; 1.com) [® MATLAB' CenreaL Y
% URL: http://ivopetras.tripod.com/

%

% Note: d . t imati

5 integrator -> recursive approximation

5

%

5

i

e )
if £<0 Byanenr
be=eumprod (11,1~ ((-r+1) ./[1:a1)1) ; Author Potns
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end ATLAB Rl 21
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Digital fractional differentiators

YangQuan Chen --

Oustaloup’s recursive approximation for fractional order differentiators:
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Sample applications

Fractional derivatives of order 1/2
can appear even within the context
of the integer-order models!

16
Heat flux in a blast furnace wall
52
iﬁ%:i%, (t>0, —so<z<0) i
E a(t) e————@ (1)
T(0,2) =Ty
[0} X
T(t,0) = Tour
40 = Tunl®) Tt (t)
Llim T(t,2)| <00
t - is time [s],
x - is the spatial coordinate in the direction of heat conduc-
tion [m],
¢ - is heat capacity [J kg~ K~1],
- is mass density [kgm °],
T(t,z) - is temperature [K],
X - is the coefficient of heat conductivity [W m~! K~1]
17
Heat flux in a blast furnace wall
Introduce an auxiliary function
u(t,z) =T(t,z) — Tp.
which must be a solution of the following problem:
“a—ufiﬂ (t>0, —oo<z<0)
Lo T Vo o TS
u(0,z) =0
u(t,0) = Tours(t) — To
LBIPXJ u(t,z)| < oo
18




Heat flux in a blast furnace wall

The Laplace transform gives:

S\dzU(s, z)

sépU(s,x) = e

The solution bounded at =z — —oc is:

U(s,z) =U(s,0) exp (z @)

Then we have

dU pS ps
E(s,m) =U(s,0) \/; cxp( \/;>

Heat flux in a blast furnace wall

U(s,z) = U(s,0) exp <.I' %) l’li(s,a') =U(s,0) % exp (.r V’%)

Lav, o fép g
7;%(5’0) - \/;U( ’0)

The inverse Laplace transform gives:
[cp

1/1‘7“ “(t.0) = % u(t,0)

After fractional integration of both sides:

ou (’p 1/2
ax(t 0) =/~ /\ u(t,0)

Heat flux in a blast furnace wall

Numerical solution: short memory principle

qa(t) = qa(t) = \/@PT}\ @nyDi%g(t)

Normalized error:

P lga(t) = ga(t)] _ 1
" M CVIT)’

M = max |g(t)|
0, o0l

Condition on the memory length: > 62

Calculate using: o

w-nyDiPg(t) = 77 Z cig(t —ir),

Nt :mi”{[;]‘ [é]} L= (=1) ( 1[/_2 >

A plate on a Newtonian fluid

(1) The equation of motion of the fluid is

Heat flux in a blast furnace wall

ou ~ep 1/2 _
710 = \/; u(t, 0) ut,z) = T(t,z) — To,

% o

aa(t) = \&pd oD (1), g(t) = Tome(t) —

ga(t) = AL (1,0)

the heat qux’

2,,
——,/— (0<t<oo, —o0<z<0)

assume that initially the fluid is in equilibrium state
v(0,2) =0, (—0<2<0)
the influence of the plate’s motion vanishes for z — oo

v(t, —00) = 0, (0<t<o0)

The fluid’s velocity at z = 0 is equal to the given velocity of the plate:

v(t,0) = v,(t)

A plate on a Newtonian fluid

Applying the Laplace transform gives:

psV (s, z) = 42—2{]2‘ =
V(s,0) = Vp(s),
V(s,—o0) =0,

The solution of this problem is:

V(s.2) = V(o) exp (= [20)




A plate on a Newtonian fluid

By differentiation we obtain:

W2 Evsent: 2= [Eri

Knowing the velocity, we can obtain the shear stress:

o(t,z) = u%

which in terms of the Laplace transforms reads:

(s, z) = /LdV(s,z) = V/upsV(s,z)

dz N

and therefore, in time domain we have:

o(t,z) = \/pp OD}/ZU(S, 2)

Motion of an immersed plate
Considering the forces we have:
My"(t) = f(t) — Ky(t) — 2S0(t,0)

Using the relationships

o(t,z) = VapeD; (s, 2) vp(t,0) =9/ (1)

we arrive at the following equation:
Ay"(t) + BoD{Py() + Cy(t) = f(t)  (¢>0),
A=M, B=25/ip, C=K,

add initial conditions! y(0)=0, ¢'(0)=0

Motion of an immersed plate
Sample numerical solution

% (2) Make the main matrix B2_{N}*{2}:

alpha=2;
be=fliplr (bcrecur (alpha,N-1)) ;
for k=1:N

B2 (k,1:k)=bc ((N-k+1) :N) ;
end

% (3) Make the matrix for the entire equation:
B=h”(-2)*B2 + h~(-1.5)*B1 + eye(size(Bl));

% Make right-hand side:
F=8%(T<=1) ';

Motion of an immersed plate
Sample numerical solution

% Make right-hand side:
F=8*% (T<=1) ';

% (3) Use zero initial conditions:
F(1)=0;

F(2)=0;
B(1,1)=1;
B(2,1)=-1/h; B(2,2)=1/h;

% (4) Solve the system BY=F:
Y=B\F;

% Plot the solution:
figure (1)
plot(T,Y,'r")

Motion of an immersed plate
Sample numerical solution

% Script for solving Bagley-Torvik equation with zero
initial conditions:

clear all
alpha=1.5;

% Numerical solution:
h=0.075;

T=0:h:30;

N=30/h + 1;

B=zeros (N,N) ;

% (1) Make the main matrix Bl_{N}~{alpha}:
be=fliplr (berecur (alpha,N-1)) 7
for k=1:N
B1 (k,1:k)=be ((N-k+1) :N) ;
end

Short memory principle for FDEs

Consider the problem:
oD () +u(t) = (1), (t>0)

y(0) =4'(0)=0

for the following RHS:

1Lfit)=1
2. f(t) =te™!
3. f(t)=t"e" M/t

)
)=
)=

4. f(t) = e~'sin(0.2t)




Short memory principle for FDEs

Figure 8.8: Solution of the problem (8.56) for (1) = 1

Figure 8.9: Solution of the problem (8.56) for f(t) =1 (z00m)

Short memory principle for FDEs

Short memory principle for FDEs

Figure 8.10: Solution of the problem (8.56) for f(t) = te

Short memory principle for FDEs




