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Numerical methods 
of 

the fractional calculus
(continued II)

Computation of binomial coefficients
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The following coefficients appear frequently (e.g., in G1):

It is possible to use the following recurrence:

Possible MATLAB code:

function y=bcrecur(a, n)

y=cumprod([1, 1 - ((a+1) ./ [1:n])]);
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>> bcrecur(1.8,10)

ans =

  Columns 1 through 8

    1.0000   -1.8000    0.7200    0.0480    0.0144    0.0063    0.0034    0.0020

  Columns 9 through 11

    0.0013    0.0009    0.0007

>> bcrecur(2,10)

ans =

     1    -2     1     0     0     0     0     0     0     0     0

>> bcrecur(3,10)

ans =

  Columns 1 through 8

    1.0000   -3.0000    3.0000   -1.0000         0         0         0         0

  Columns 9 through 11

         0         0         0

>> 

Computation of binomial coefficients

for each routine make a qualitative check

and check the backward compatibility for integer orders 
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Computation of the Mittag-Leffler function

(1) Directly using the definition:

function y=mitlef(alpha,beta,z,N)

%  Evaluation of the Mittag-Leffler function in two parameters:
%  E_{alpha,beta}(z), using its series expansion.
%
% PARAMETERS:
% alpha - first index (scalar), beta - second index (scalar)
% z - row vector of values of the function argument
% N - number of terms in the power expansion (scalar) 
%         OPTIONAL, default N=100.

if nargin<4, N=100; end

m1=max(size(z));
m2=min(size(z));
if m2>1, z=z(1,:); end

k=repmat((1:N)',1,m1);
t=repmat(z,N,1);
t=t.^(k-1);
a=repmat(gamma(alpha*((1:N)'-1)+beta), 1, m1);
y=sum(t./a);
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Computation of the Mittag-Leffler function

(2) There is a routine at MATLAB File Exchange:
http://www.mathworks.com/matlabcentral/fileexchange/loadFile.do?objectId=8738&objectType=FILE

MLF(alpha,beta,Z,P) 
is the Mittag-Leffler function                    evaluated 
with accuracy         for each element of Z.

Ealpha,beta(Z)
10−P
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Computation of the Mittag-Leffler function

(2) There is a routine at MATLAB File Exchange:

Eα,β(Z), α = 1.1 : 0.1 : 1.9,β = 1



Computation of fractional derivatives
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%%% FRACTIONAL DERIVATIVES (12.14.00)
%%% Hany Farid (farid@cs.dartmouth.edu | www.cs.dartmouth.edu/~farid)
%%%

clear;
set( gcf, 'Renderer', 'zbuffer' );

dim! = 256;
ramp! = [-dim:dim-1];
ramp! = pi * ramp/dim;
f! = exp( -(ramp.^2)/(0.5) );! ! % GAUSSIAN
f! = f - mean(f);! ! ! ! % ZERO-MEAN: AVOID DISCONTINUITY
F! = fftshift( fft( f ) ); ! ! % FOURIER TRANSFORM

%%% CYCLE THROUGH FRACTIONAL DERIVATIVES
for n = 0 : 0.1 : 4
! Fn! = (j * ramp).^n .* F;! ! % MULIPLY BY RAMP^n
! fn! = ifft( fftshift(Fn) );! ! % INVERSE FOURIER TRANSFORM
! if( mean( abs(imag(fn)) ) > 1e-5 )! % FOR REAL SIGNALS
!    fprintf( 1, 'Non-zero imaginary component (%f)\n', mean(abs(imag(fn))) );
!    return;
! end
! fn ! = fn / max(abs(fn));! ! % NORMALIZE
! t = sprintf( '%0.2f', n );! ! % PLOT...
! plot( real(fn) ); 
! text( 20,1.0, sprintf( '%0.2f', n ) );!
! axis( [0 2*dim -1.2 1.2] ); axis square;
! h = line( [dim dim], [-1.2 1.2] );
! set( h, 'LineStyle', ':' );
! drawnow;
end

Hany Farid:
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Computation of fractional derivatives

Hany Farid (www.cs.dartmouth.edu/~farid):

Zeroth through fourth-order normalized derivatives of a Gaussian in steps of 0.5. 
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Digital fractional differentiators

Ivo Petras -- Finite Impulse Response (FIR) version:
function sysdfod=dfod2(n,T,r)
% sysdfod=dfod2(n,T,r): digital fractional order differentiator
%                       and integrator    
%
% Output: =>
% Discrete system in the form of the FIR filter of the order n
% obtained by power series expansion of the backward difference.
%
% Inputs: <=
% n: order of truncation (min n=100 is recommended)
% T: sampling period in [sec]
% r: approximated fractional order (s^r), r is generally real number
%
% Author: Dr. Ivo Petras (ivo.petras@mail.com)
% URL: http://ivopetras.tripod.com/
%
% Note: differentiator  -> nonrecusrive approximation 
%       integrator      -> recursive approximation
%
% Copyright (c), 2003.
%
if r>0
   bc=cumprod([1,1-((r+1)./[1:n])]);   
   sysdfod=filt(bc,[T^r],T);
end
if r<0
   bc=cumprod([1,1-((-r+1)./[1:n])]);
   sysdfod=filt([T^-r],bc,T);
end
%
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Digital fractional differentiators

Ivo Petras -- IIR version:
function sysdfod=dfod1(n,T,a,r)
% sysdfod=dfod1(n,T,a,r): new digital fractional order differentiator
%                         and integrator 
%
% Output: =>
% Discrete system in the form of the rational approximation - IIR filter
% obtained by continued fraction expansion of a new generating function.
%
% Inputs: <=
% n: order of truncation n:=(1 2 3 4 5)
% T: sampling period in [sec]
% a: weighting factor between Euler and Tustin rules ( 0 <= a <= 1 )
%    0 - Euler rule, 1 - Tustin rule, 1/7 - Al-Alaoui rule, etc.
% r: approximated fractional order (s^r), r is generally real number
%
% Author: Dr. Ivo Petras (ivo.petras@mail.com)
% URL: http://ivopetras.tripod.com/
%
% Note: This approach is based on the original Al-Alaoui's work.
%
% Copyright (c), 2003.
%
k = ((1+a)/T)^r;
if (n>5) 
    n=5;
    disp('Maximal term is clipped to 5!');
end
if (n==1)
    b0=2/(a*r+a+r-1);
    b1=-(r+a*r-a+1)/(a*r+a+r-1);
    a0=2/(a*r+a+r-1);
    a1=1;
    sys1=tf(k*[b0 b1],[a0 a1],T,'Variable', 'z^-1');
    sysdfod=sys1;
elseif (n==2)
    b0=12/(a^2*r^2+3*a^2*r+2*a*r^2+2*a^2+r^2-8*a-3*r+2);
    b1=(12*a-6*r-6*a*r-12)/(a^2*r^2+3*a^2*r+2*a*r^2+2*a^2+r^2-8*a-3*r+2);
    b2=(a^2*r^2-3*a^2*r+2*a*r^2+r^2-8*a+3*r+2*a^2+2)/(a^2*r^2+3*a^2*r+2*a*r^2+2*a^2+r^2-8*a-3*r+2);
    a0=12/(a^2*r^2+3*a^2*r+2*a*r^2+2*a^2+r^2-8*a-3*r+2);
    a1=(12*a+6*r+6*a*r-12)/(a^2*r^2+3*a^2*r+2*a*r^2+2*a^2+r^2-8*a-3*r+2)
    a2=1;
    sys2=tf(k*[b0 b1 b2],[a0 a1 a2],T,'Variable', 'z^-1');
    sysdfod=sys2;
elseif (n==3)
    b0=120/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    b1=-(60*r+180-180*a+60*a*r)/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    b2=-(-72-72*a^2-24*a*r^2+216*a-60*r-12*r^2-12*a^2*r^2+60*a^2*r)/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2
+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    b3=-(11*r+6*r^2+r^3+6*a*r^2-6*a^2*r^2-27*a*r-6*a^3*r^2+3*a^2*r^3+a^3*r^3+3*a*r^3+11*a^3*r-27*a^2*r-6*a^3-54*a+6+54*a^2)/(a^3*r^3+6*a^3*r^2+3*a^2*r^3
+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    a0=120/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    a1=(60*r-180+180*a+60*a*r)/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    a2=(72+72*a^2+24*a*r^2-216*a-60*r+12*r^2+12*a^2*r^2+60*a^2*r)/(a^3*r^3+6*a^3*r^2+3*a^2*r^3+11*a^3*r+6*a^2*r^2+3*a*r^3+6*a^3-27*a^2*r-6*a*r^2
+r^3-54*a^2-27*a*r-6*r^2+54*a+11*r-6);
    a3=1;
    sys3=tf(k*[b0 b1 b2 b3],[a0 a1 a2 a3],T,'Variable', 'z^-1');
    sysdfod=sys3;
elseif (n==4)
    b0=1680/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3
+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    b1=(3360*a-840*r-840*a*r-3360)/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4
+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    b2=(-5760*a+2160*a^2+2160+360*a*r^2+1260*r+180*r^2-1260*a^2*r+180*a^2*r^2)/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4
+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    b3=(-520*r+960*a^2*r-480-60*a^2*r^3+480*a^3-60*a*r^3+180*a^3*r^2-520*a^3*r+180*a^2*r^2+2880*a-180*r^2-180*a*r^2-20*r^3+960*a*r-20*a^3*r^3-2880*a^2)/
(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3
+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    b4=(10*r^3-40*a*r^2+r^4-150*a^2*r^2+35*r^2-384*a^3-384*a+50*r-320*a*r+24+20*a*r^3+a^4*r^4-10*a^4*r^3+4*a^3*r^4+35*a^4*r^2-20*a^3*r^3
+6*a^2*r^4-50*a^4*r-40*a^3*r^2+4*a*r^4+864*a^2+24*a^4+320*a^3*r)/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2
+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    a0=1680/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3
+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    a1=(3360*a+840*r+840*a*r-3360)/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4
+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    a2=(-5760*a+2160*a^2+2160+360*a*r^2-1260*r+180*r^2+1260*a^2*r+180*a^2*r^2)/(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4
+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    a3=(520*r-960*a^2*r-480+60*a^2*r^3+480*a^3+60*a*r^3+180*a^3*r^2+520*a^3*r+180*a^2*r^2+2880*a-180*r^2-180*a*r^2+20*r^3-960*a*r+20*a^3*r^3-2880*a^2)/
(a^4*r^4+10*a^4*r^3+4*a^3*r^4+35*a^4*r^2+20*a^3*r^3+6*a^2*r^4+50*a^4*r-40*a^3*r^2+4*a*r^4+24*a^4-320*a^3*r-150*a^2*r^2-20*a*r^3
+r^4-384*a^3-40*a*r^2-10*r^3+864*a^2+320*a*r+35*r^2-384*a-50*r+24);
    a4=1;
    sys4=tf(k*[b0 b1 b2 b3 b4],[a0 a1 a2 a3 a4],T,'Variable', 'z^-1');
    sysdfod=sys4;
elseif (n==5)
    b0=30240/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    b1=-(-75600*a+15120*r+15120*a*r+75600)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    b2=-(168000*a-30240*r-67200-3360*a^2*r^2-3360*r^2-67200*a^2-6720*a*r^2+30240*a^2*r)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5
+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4
+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    b3=-(5040*a*r^2-31500*a^2*r-5040*a^2*r^2-25200*a^3+19740*a^3*r+5040*r^2+1260*a*r^3+126000*a^2-31500*a*r+420*a^3*r^3+19740*r+420*r^3+1260*a^2*r^3
+25200-5040*a^3*r^2-126000*a)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    b4=-(36000*a-120*a*r^4-120*a^3*r^4-72000*a^2+420*a^4*r^3+1560*a^3*r^2-3600-4620*r+1560*a*r^2-420*r^3-180*a^2*r^4-3600*a^4-21000*a^3*r
+7380*a^2*r^2-840*a*r^3-30*r^4+21000*a*r-2130*r^2-2130*a^4*r^2+840*a^3*r^3-30*a^4*r^4+36000*a^3+4620*a^4*r)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3
+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5
+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2
+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    b5=-(120-3000*a+274*r+12000*a^2-12000*a^3+3000*a^4-120*a^5+4000*a^2*r+225*r^2-1005*a*r^2+5*a^4*r^3+1005*a^4*r^2-3250*a^4*r+1230*a^3*r^2
+5*a*r^3-410*a^2*r^3-410*a^3*r^3-1230*a^2*r^2+4000*a^3*r+15*r^4+r^5-45*a^4*r^4+45*a*r^4+30*a^2*r^4-30*a^3*r^4+85*a^5*r^3-225*a^5*r^2+274*a^5*r-3250*a*r
+85*r^3-15*a^5*r^4+5*a^4*r^5+5*a*r^5+10*a^2*r^5+10*a^3*r^5+a^5*r^5)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3
+30*a^3*r^4+10*a^2*r^5+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r
+1230*a^2*r^2+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a0=30240/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a1=(75600*a+15120*r+15120*a*r-75600)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a2=(-168000*a-30240*r+67200+3360*a^2*r^2+3360*r^2+67200*a^2+6720*a*r^2+30240*a^2*r)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5
+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4
+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a3=(-5040*a*r^2-31500*a^2*r+5040*a^2*r^2+25200*a^3+19740*a^3*r-5040*r^2+1260*a*r^3-126000*a^2-31500*a*r+420*a^3*r^3+19740*r+420*r^3
+1260*a^2*r^3-25200+5040*a^3*r^2+126000*a)/(a^5*r^5+15*a^5*r^4+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5
+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2
+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a4=(-36000*a+120*a*r^4+120*a^3*r^4+72000*a^2+420*a^4*r^3-1560*a^3*r^2+3600-4620*r-1560*a*r^2-420*r^3+180*a^2*r^4
+3600*a^4-21000*a^3*r-7380*a^2*r^2-840*a*r^3+30*r^4+21000*a*r+2130*r^2+2130*a^4*r^2+840*a^3*r^3+30*a^4*r^4-36000*a^3+4620*a^4*r)/(a^5*r^5+15*a^5*r^4
+5*a^4*r^5+85*a^5*r^3+45*a^4*r^4+10*a^3*r^5+225*a^5*r^2+5*a^4*r^3+30*a^3*r^4+10*a^2*r^5+274*a^5*r-1005*a^4*r^2-410*a^3*r^3-30*a^2*r^4+5*a*r^5
+120*a^5-3250*a^4*r-1230*a^3*r^2-410*a^2*r^3-45*a*r^4+r^5-3000*a^4+4000*a^3*r+1230*a^2*r^2+5*a*r^3-15*r^4+12000*a^3+4000*a^2*r+1005*a*r^2
+85*r^3-12000*a^2-3250*a*r-225*r^2+3000*a+274*r-120);
    a5=1;
    sys5=tf(k*[b0 b1 b2 b3 b4 b5],[a0 a1 a2 a3 a4 a5],T,'Variable', 'z^-1');
    sysdfod=sys5;
end          
%
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Digital fractional differentiators

YangQuan Chen -- IIR version:
% New DFOD
function sysdfod=newdfod(n,T,a,r)
% n order of truncation (1 2 3 ...)
% T sampling period in sec.
% a weighting factor between Simpson and Tustin ( 0 <= a <= 1 )
r2=(3+a-2*sqrt(3*a))/(3-a);b=r2;k0=(6*r2/T/(3-a))^r;
if (n==1)
    b1=-(2*b^2*r-b^2+1)/(2*b^2*r+b^2-1);
    b0=2*b/(2*b^2*r+b^2-1);
    %
    a1=1;
    a0=2*b/(2*b^2*r+b^2-1);
    sys1=tf(k0*[b0 b1],[a0 a1],T,'Variable', 'z^-1');
    sysdfod=sys1;
elseif (n==2)
    den2=(8*b^6*r^4+12*b^6*r^3+2*b^6*r^2-3*b^6*r-12*b^4*r^3-b^6-36*b^4*r^2+3*b^4*r+9*b^4+18*b^2*r^2-9*b^2*r+9*b^2+9*r-9);
    b2=(18*b^2*r^2-36*b^4*r^2+8*b^6*r^4+3*b^6*r+2*b^6*r^2-12*b^6*r^3-9+12*b^4*r^3-3*b^4*r+9*b^2*r-9*r+9*b^4+9*b^2-b^6)/den2;
    b1=(-24*r^2*b^3-24*r^3*b^5-12*b^3+18*b+36*r*b^3-18*r*b+6*r*b^5+24*r^2*b^5-6*b^5)/den2;
    b0=(18+24*b^4*r^2-6*b^4-36*b^2)/den2;
 %
    a2=1;
    a1=(-24*r^2*b^3+24*r^3*b^5-12*b^3+18*b-36*r*b^3+18*r*b-6*r*b^5+24*r^2*b^5-6*b^5)/den2;
    a0=(18+24*b^4*r^2-6*b^4-36*b^2)/den2;
    sys2=tf(k0*[b0 b1 b2],[a0 a1 a2],T,'Variable', 'z^-1');
    sysdfod=sys2;
elseif (n==3)
den3=(64*b^12*r^7+192*b^12*r^6+144*b^12*r^5-48*b^12*r^4-192*b^10*r^6-84*b^12*r^3 ... 
    -1440*b^10*r^5-12*b^12*r^2-1632*b^10*r^4+11*b^12*r+720*b^10*r^3+720*b^8*r^5+3*b^12+852*b^10*r^2+2160*b^8*r^4 ...
    -90*b^10*r+2520*b^8*r^3-108*b^10+3240*b^8*r^2-480*b^6*r^4-675*b^8*r-720*b^6*r^3-945*b^8-9480*b^6*r^2+180*b^6*r ...
    -900*b^4*r^3+2400*b^6+8100*b^4*r^2-2475*b^4*r-3375*b^4-2700*b^2*r^2+1350*b^2*r+2700*b^2+675*r-675);
b3=-(675*r-2700*b^2+3375*b^4-2400*b^6+945*b^8+108*b^10+1350*b^2*r+2700*b^2*r^2-900*b^4*r^3 ...
    -8100*b^4*r^2-2475*b^4*r-720*b^6*r^3+9480*b^6*r^2+180*b^6*r+480*b^6*r^4-2160*b^8*r^4+2520*b^8*r^3 ...
    -3240*b^8*r^2-675*b^8*r+720*b^8*r^5+675-90*b^10*r-852*b^10*r^2+720*b^10*r^3+1632*b^10*r^4- ...
    1440*b^10*r^5+192*b^10*r^6+11*b^12*r+12*b^12*r^2-84*b^12*r^3+48*b^12*r^4+144*b^12*r^5-192*b^12*r^6 ... 
 +64*b^12*r^7-3*b^12)/den3;
b2=-(-5400*b+6300*b^3-1440*b^5+3240*b^7-2700*r*b-360*b^9+2700*r*b^3+1800*r^2*b^3-1440*r^3*b^5+5760*b^5*r^2+360*r*b^5 ...
    -1800*r*b^7-12240*b^7*r^2+7200*r^3*b^7-2880*r^4*b^7+1380*r*b^9-5280*r^3*b^9+5760*b^9*r^4-960*r^5*b^9+60*b^11*r ...
    -480*b^11*r^3+960*b^11*r^5-384*b^11*r^6+264*b^11*r^2-384*b^11*r^4-36*b^11)/den3;
b1= -(-6300*b^4-8640*b^8*r^3+10800*b^4*r-8100*b^2*r+3420*b^6+3600*b^4*r^2+4320*b^6*r^3-90*b^10-1080*b^6*r+2160*b^8*r ...
    +1440*b^8*r^4-1440*b^10*r^4+960*b^10*r^5-13680*b^6*r^2+6750*b^2-480*b^10*r^3-2430*b^8+9360*b^8*r^2+60*b^10*r ...
    -1350+720*b^10*r^2)/den3;
b0= -(-10800*b^3+1080*b^5+8100*b-2160*b^7-960*b^9*r^4+480*b^9*r^2-60*b^9+8640*b^7*r^2-4320*b^5*r^2)/den3;
% denominator 
a3=1;
a2=(5400*b-6300*b^3+1440*b^5-3240*b^7-2700*r*b+360*b^9+2700*r*b^3-1800*r^2*b^3-1440*r^3*b^5-5760*b^5*r^2+360*r*b^5 ...
    -1800*r*b^7+12240*b^7*r^2+7200*r^3*b^7+2880*r^4*b^7+1380*r*b^9-5280*r^3*b^9-5760*b^9*r^4-960*r^5*b^9+60*b^11*r ...
    -480*b^11*r^3+960*b^11*r^5+384*b^11*r^6-264*b^11*r^2+384*b^11*r^4+36*b^11)/den3;
a1=(6300*b^4-8640*b^8*r^3+10800*b^4*r-8100*b^2*r-3420*b^6-3600*b^4*r^2+4320*b^6*r^3+90*b^10-1080*b^6*r+2160*b^8*r ...
    -1440*b^8*r^4+1440*b^10*r^4+960*b^10*r^5+13680*b^6*r^2-6750*b^2-480*b^10*r^3+2430*b^8-9360*b^8*r^2+60*b^10*r ...
    +1350-720*b^10*r^2)/den3;
a0=+(10800*b^3-1080*b^5-8100*b+2160*b^7+960*b^9*r^4-480*b^9*r^2+60*b^9-8640*b^7*r^2+4320*b^5*r^2)/den3;

sys3=tf(k0*[b0 b1 b2 b3],[a0 a1 a2 a3],T,'Variable', 'z^-1');
sysdfod=sys3;
elseif (n==4)
    den4= (1024*b^20*r^12+5120*b^20*r^11+5888*b^20*r^10-8960*b^20*r^9-5120*b^18*r^11-23424*b^20*r^8-69120*b^18*r^10 ...
    -9600*b^20*r^7-179200*b^18*r^9+11744*b^20*r^6+53760*b^18*r^8+34560*b^16*r^10+9760*b^20*r^5+574080*b^18*r^7 ...
    +264960*b^16*r^9-1004*b^20*r^4+331200*b^18*r^6+933120*b^16*r^8-2620*b^20*r^3-362560*b^18*r^5+933120*b^16*r^7 ...
    -76800*b^14*r^9-357*b^20*r^2-257760*b^18*r^4-1605600*b^16*r^6-729600*b^14*r^8+225*b^20*r+84940*b^18*r^3 ...
    -4255200*b^16*r^5-2707200*b^14*r^7+54*b^20+64770*b^18*r^2-2031120*b^16*r^4-5558400*b^14*r^6+67200*b^12*r^8 ...
    -6840*b^18*r+1936080*b^16*r^3+5112000*b^14*r^5+1411200*b^12*r^7-5400*b^18+1257615*b^16*r^2+15703200*b^14*r^4 ...
    +8416800*b^12*r^6-233685*b^16*r-2043600*b^14*r^3-4989600*b^12*r^5-201600*b^10*r^7-166050*b^16-6763800*b^14*r^2 ...
    -7547400*b^12*r^4-4334400*b^10*r^6+234000*b^14*r+24910200*b^12*r^3+12801600*b^10*r^5+799200*b^14+13531350*b^12*r^2 ...
    -2973600*b^10*r^4+1260000*b^8*r^6-5937750*b^12*r-50967000*b^10*r^3-11844000*b^8*r^5-3042900*b^12-61582500*b^10*r^2 ...
    -1386000*b^8*r^4+11944800*b^10*r+22554000*b^8*r^3+3528000*b^6*r^5+15649200*b^10+114045750*b^8*r^2+5292000*b^6*r^4 ...
    -4898250*b^8*r+16758000*b^6*r^3-28444500*b^8-107163000*b^6*r^2-3307500*b^4*r^4-4410000*b^6*r-16537500*b^4*r^3 ...
    +26460000*b^6+50439375*b^4*r^2-826875*b^4*r+3307500*b^2*r^3-4961250*b^4-8268750*b^2*r^2+6615000*b^2*r-6615000*b^2 ...
    +826875*r^2-2480625*r+1653750)
b4=(-3528000*b^6*r^5-22554000*b^8*r^3-1386000*b^8*r^4+11844000*b^8*r^5+1260000*b^8*r^6+201600*b^10*r^7+50967000*b^10*r^3 ...
    -61582500*b^10*r^2-11944800*b^10*r-2973600*b^10*r^4-12801600*b^10*r^5-4334400*b^10*r^6-69120*b^18*r^10+5120*b^18*r^11 ...
    -574080*b^18*r^7-84940*b^18*r^3+64770*b^18*r^2+6840*b^18*r-257760*b^18*r^4+362560*b^18*r^5+331200*b^18*r^6
+53760*b^18*r^8 ...
    +179200*b^18*r^9-3042900*b^12-1411200*b^12*r^7-24910200*b^12*r^3+13531350*b^12*r^2+5937750*b^12*r-7547400*b^12*r^4 ...
    +4989600*b^12*r^5+8416800*b^12*r^6+67200*b^12*r^8+799200*b^14+2043600*b^14*r^3-6763800*b^14*r^2-234000*b^14*r ...
    +15703200*b^14*r^4-5558400*b^14*r^6-5112000*b^14*r^5+2707200*b^14*r^7-729600*b^14*r^8+76800*b^14*r^9-166050*b^16 ...
    -1936080*b^16*r^3+1257615*b^16*r^2+233685*b^16*r-2031120*b^16*r^4-933120*b^16*r^7+34560*b^16*r^10-264960*b^16*r^9 ...
    +933120*b^16*r^8-1605600*b^16*r^6+4255200*b^16*r^5-5400*b^18+2620*b^20*r^3-357*b^20*r^2-225*b^20*r-1004*b^20*r^4 ...
    +9600*b^20*r^7+5888*b^20*r^10+8960*b^20*r^9-23424*b^20*r^8-5120*b^20*r^11+11744*b^20*r^6-9760*b^20*r^5+1024*b^20*r^12 ...
    +54*b^20) + (1653750-6615000*b^2-28444500*b^8+15649200*b^10-4961250*b^4+26460000*b^6+826875*r^2-8268750*b^2*r^2 ...
    +5292000*b^6*r^4-107163000*b^6*r^2+114045750*b^8*r^2+50439375*b^4*r^2-3307500*b^4*r^4-3307500*b^2*r^3
+16537500*b^4*r^3 ...
    +2480625*r-6615000*b^2*r+826875*b^4*r-16758000*b^6*r^3+4410000*b^6*r+4898250*b^8*r); b4=b4/den4;
b3=(-5760*b^19*r^6-604800*b^13-902880*b^15+1080*b^19+32400*b^17
+180480*b^19*r^7-107520*b^19*r^8-46080*b^17*r^10-10240*b^19*r^11 ...
    +46080*b^19*r^10-35840*b^19*r^9-5544000*b^9*r^4+38001600*b^11*r^4+37440*b^19*r^4+552960*b^17*r^9-276480*b^15*r^9 ...
    -120320*b^19*r^5-14918400*b^13*r^6-17294400*b^15*r^4-80820*b^17*r^2+4838400*b^13*r^7+13161600*b^15*r^5
+1126080*b^17*r^3 ...
        -403200*b^11*r^7+4988160*b^15*r^6-987840*b^17*r^4-6197760*b^15*r^7-2131200*b^17*r^5-2340*b^19*r+1889280*b^15*r^8 ...
        +3484800*b^17*r^6-537600*b^13*r^8-11820*b^19*r^2-506880*b^17*r^7+28760*b^19*r^3-1244160*b^17*r^8
+17740800*b^13*r^5 ...
        -5401440*b^15*r^3-142560*b^17*r-1008000*b^9*r^6+7593840*b^15*r^2-2116800*b^13*r^4+7459200*b^11*r^6
+88200000*b^9*r^3 ...
        +15157800*b^11*r+81660600*b^11*r^2+14112000*b^9*r^5-53247600*b^11*r^3+1260000*b^13*r-5040000*b^7*r^5
+3889200*b^13*r^2 ...
        -29433600*b^11*r^5-9777600*b^13*r^3+625680*b^15*r) + (-59724000*b^7-22906800*b^11-13230000*b+3307500*b*r^2 ...
        +13482000*b^7*r-255591000*b^9*r^2-82026000*b^5*r^2-3307500*b^3*r^2+6615000*b^3*r^3+33075000*b^3-36382500*b^3*r ...
        +37044000*b^5*r+10584000*b^5*r^3+64260000*b^9-22932000*b^9*r+244566000*b^7*r^2-52668000*b^7*r^3-22680000*b^7*r^4 ...
        +10584000*b^5*r^4);b3=b3/den4;
b2=(-1512000*b^8*r^5-187034400*b^10*r^3+113400000*b^10*r^4-3931200*b^10*r^5+604800*b^10*r^6+46080*b^18*r^10
+483840*b^18*r^7 ...
    +70560*b^18*r^3-58860*b^18*r^2-5670*b^18*r+239040*b^18*r^4-302400*b^18*r^5-328320*b^18*r^6-161280*b^18*r^9 ...
    +1612800*b^12*r^7+81446400*b^12*r^3-8038800*b^12*r^2-21508200*b^12*r-69955200*b^12*r^4+17942400*b^12*r^5 ...
    -12499200*b^12*r^6-1069200*b^14+1764000*b^14*r^3+9604800*b^14*r^2-264600*b^14*r-25459200*b^14*r^4+16358400*b^14*r^6 ...
    -1411200*b^14*r^5-5644800*b^14*r^7+921600*b^14*r^8+380700*b^16+4717440*b^16*r^3-2955600*b^16*r^2-561330*b^16*r ...
    +5256000*b^16*r^4+3548160*b^16*r^7+161280*b^16*r^9-1843200*b^16*r^8+2361600*b^16*r^6-10785600*b^16*r^5+4860*b^18) ...
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    -39690000*b^4+9922500*b^2*r^2+21168000*b^6*r^4+280476000*b^6*r^2-37044000*b^6*r^3+92421000*b^8-119070000*b^4*r^2 ...
    +69457500*b^2-71442000*b^6-65016000*b^8*r^4-9922500+47004300*b^10*r-19845000*b^4*r-59988600*b^10+6577200*b^12);b2=b2/
den4; 
b1=(786240*b^15+7560*b^17-27820800*b^11*r^4-107520*b^17*r^9+8064000*b^13*r^6
+15120000*b^15*r^4-94080*b^17*r^2-1612800*b^13*r^7 ...
    -8870400*b^15*r^5+47040*b^17*r^3-4999680*b^15*r^6+403200*b^17*r^4+3225600*b^15*r^7-201600*b^17*r^5-215040*b^15*r^8 ...
    -645120*b^17*r^6+322560*b^17*r^7+215040*b^17*r^8-12499200*b^13*r^5+3830400*b^15*r^3-3780*b^17*r-6609120*b^15*r^2 ...
    +3225600*b^13*r^4-2419200*b^11*r^6-3124800*b^13*r^2+7257600*b^11*r^5+6552000*b^13*r^3-453600*b^15*r)+(19845000*b ...
    +77112000*b^7-52920000*b^3+5292000*b^5+453600*b^13+35985600*b^11-26460000*b^3*r^2-86562000*b^9+344736000*b^9*r^2 ...
    -37044000*b^7*r+137592000*b^5*r^2+79380000*b^3*r-52920000*b^5*r^3-66150000*b^5*r+3024000*b^7*r^4-309204000*b^7*r^2 ...
    +148176000*b^7*r^3-9922500*b*r+49329000*b^9*r+6048000*b^9*r^4-198072000*b^9*r^3-29786400*b^11*r-136836000*b^11*r^2+ ...
    3024000*b^9*r^5+117331200*b^11*r^3-831600*b^13*r);b1=b1/den4;
b0=3780*b^16-47040*b^16*r^2+201600*b^16*r^4+107520*b^16*r^8-322560*b^16*r^6+8870400*b^14*r^4-3225600*b^14*r^6 ...
    +1612800*b^12*r^6-3830400*b^14*r^2+12499200*b^12*r^4 -148176000*b^6*r^2+198072000*b^8*r^2-3024000*b^8*r^4 ...
    -79380000*b^2+831600*b^12-6552000*b^12*r^2+453600*b^14-117331200*b^10*r^2-7257600*b^10*r^4+29786400*b^10+9922500 ...
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%    -4334400*b^10*r^6-201600*b^10*r^7-69120*b^18*r^10-5120*b^18*r^11-257760*b^18*r^4+84940*b^18*r^3
+64770*b^18*r^2-6840*b^18*r ...
%    -362560*b^18*r^5+331200*b^18*r^6+574080*b^18*r^7
+53760*b^18*r^8-179200*b^18*r^9-5400*b^18-3042900*b^12-7547400*b^12*r^4 ...
%    +24910200*b^12*r^3+13531350*b^12*r^2-5937750*b^12*r-4989600*b^12*r^5+8416800*b^12*r^6+1411200*b^12*r^7
+67200*b^12*r^8 ...
%    -2043600*b^14*r^3-6763800*b^14*r^2+234000*b^14*r+15703200*b^14*r^4+799200*b^14-2707200*b^14*r^7-5558400*b^14*r^6 ...
%    +5112000*b^14*r^5-729600*b^14*r^8-76800*b^14*r^9-166050*b^16+1936080*b^16*r^3+1257615*b^16*r^2-233685*b^16*r ...
%    -2031120*b^16*r^4+933120*b^16*r^7-1605600*b^16*r^6-4255200*b^16*r^5+933120*b^16*r^8+264960*b^16*r^9+34560*b^16*r^10 ...
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a4=1;
a3=(-902880*b^15+32400*b^17+1080*b^19-604800*b^13-5760*b^19*r^6-107520*b^19*r^8-46080*b^17*r^10+35840*b^19*r^9 ...
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    +9777600*b^13*r^3+53247600*b^11*r^3-1260000*b^13*r+38001600*b^11*r^4+3889200*b^13*r^2-14112000*b^9*r^5)+(-13230000*b ...
    +22932000*b^9*r+81660600*b^11*r^2-88200000*b^9*r^3-13482000*b^7*r-3307500*b^3*r^2-10584000*b^5*r^3+52668000*b^7*r^3 ...
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    +36382500*b^3*r-37044000*b^5*r-5544000*b^9*r^4-255591000*b^9*r^2-22680000*b^7*r^4+244566000*b^7*r^2-82026000*b^5*r^2 ...
    -59724000*b^7);a3=a3/den4;
a2=(3931200*b^10*r^5+604800*b^10*r^6+46080*b^18*r^10+239040*b^18*r^4-70560*b^18*r^3-58860*b^18*r^2+5670*b^18*r ...
    +302400*b^18*r^5-328320*b^18*r^6-483840*b^18*r^7+161280*b^18*r^9+4860*b^18-69955200*b^12*r^4-81446400*b^12*r^3 ...
    -17942400*b^12*r^5-12499200*b^12*r^6-1612800*b^12*r^7-1764000*b^14*r^3+9604800*b^14*r^2
+264600*b^14*r-25459200*b^14*r^4 ...
    +5644800*b^14*r^7+16358400*b^14*r^6+1411200*b^14*r^5+921600*b^14*r^8+380700*b^16-4717440*b^16*r^3-2955600*b^16*r^2 ...
    +561330*b^16*r+5256000*b^16*r^4-3548160*b^16*r^7+2361600*b^16*r^6+10785600*b^16*r^5-1843200*b^16*r^8-161280*b^16*r^9) ...
    +(4961250*r+69457500*b^2-39690000*b^4-71442000*b^6+92421000*b^8-59988600*b^10-24806250*b^2*r+9922500*b^2*r^2 ...
    -119070000*b^4*r^2+19845000*b^4*r+37044000*b^6*r^3+280476000*b^6*r^2-9261000*b^6*r+21168000*b^6*r^4-65016000*b^8*r^4 ...
    -136080000*b^8*r^3-353430000*b^8*r^2+33925500*b^8*r+1512000*b^8*r^5+113400000*b^10*r^4+187034400*b^10*r^3 ...
    +211566600*b^10*r^2-47004300*b^10*r+6577200*b^12-8038800*b^12*r^2+21508200*b^12*r-1069200*b^14-9922500);a2=a2/den4;
a1=(7560*b^17-6609120*b^15*r^2+1612800*b^13*r^7-215040*b^15*r^8-645120*b^17*r^6-322560*b^17*r^7+215040*b^17*r^8 ...
    +107520*b^17*r^9+8064000*b^13*r^6+15120000*b^15*r^4-94080*b^17*r^2+8870400*b^15*r^5-47040*b^17*r^3-4999680*b^15*r^6 ...
    +403200*b^17*r^4-3225600*b^15*r^7+201600*b^17*r^5+12499200*b^13*r^5-3830400*b^15*r^3+3780*b^17*r-2419200*b^11*r^6 ...
    +3225600*b^13*r^4+453600*b^15*r-7257600*b^11*r^5-6552000*b^13*r^3)+(19845000*b+786240*b^15+35985600*b^11+453600*b^13 ...
    +77112000*b^7-86562000*b^9-52920000*b^3+5292000*b^5-117331200*b^11*r^3
+831600*b^13*r-27820800*b^11*r^4-3124800*b^13*r^2 ...
    -3024000*b^9*r^5+6048000*b^9*r^4-136836000*b^11*r^2+9922500*b*r-79380000*b^3*r-26460000*b^3*r^2+66150000*b^5*r ...
    +137592000*b^5*r^2+52920000*b^5*r^3+37044000*b^7*r-309204000*b^7*r^2-148176000*b^7*r^3-49329000*b^9*r ...
    +3024000*b^7*r^4+344736000*b^9*r^2+198072000*b^9*r^3+29786400*b^11*r);a1=a1/den4;
a0=-322560*b^16*r^6+107520*b^16*r^8-47040*b^16*r^2+201600*b^16*r^4+1612800*b^12*r^6-3225600*b^14*r^6+8870400*b^14*r^4 ...
    -3830400*b^14*r^2-79380000*b^2+66150000*b^4+37044000*b^6-49329000*b^8+29786400*b^10
+198072000*b^8*r^2-7257600*b^10*r^4 ...
    -117331200*b^10*r^2+3780*b^16+9922500+831600*b^12+12499200*b^12*r^4-6552000*b^12*r^2-3024000*b^8*r^4+52920000*b^4*r^2 ...
    -148176000*b^6*r^2+453600*b^14;a0=a0/den4;
sys4=tf(k0*[b0 b1 b2 b3 b4],[a0 a1 a2 a3 a4],T,'Variable', 'z^-1');
sysdfod=sys4;
end
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Digital fractional differentiators

YangQuan Chen -- 
Oustaloup’s recursive approximation for fractional order differentiators:
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8. Simulink 
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7. Graphical interface 

7.1. User manual 
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Sample applications

16

Fractional derivatives of order 1/2
can appear even within the context

of the integer-order models!

Heat flux in a blast furnace wall

17
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Heat flux in a blast furnace wall

Introduce an auxiliary function 

which must be a solution of the following problem:
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Heat flux in a blast furnace wall

The Laplace transform gives:

The solution bounded at                 is:x→ −∞

Then we have
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Heat flux in a blast furnace wall

The inverse Laplace transform gives:

After fractional integration of both sides:
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Heat flux in a blast furnace wall

the heat flux
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Heat flux in a blast furnace wall
Numerical solution: short memory principle

Normalized error:

Condition on the memory length:

Calculate using:
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A plate on a Newtonian fluid
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Applying the Laplace transform gives:

The solution of this problem is:

A plate on a Newtonian fluid
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By differentiation we obtain:

Knowing the velocity, we can obtain the shear stress:

which in terms of the Laplace transforms reads:

and therefore, in time domain we have:

A plate on a Newtonian fluid
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Motion of an immersed plate

Considering the forces we have:

Using the relationships

we arrive at the following equation:

add initial conditions! 
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Motion of an immersed plate
Sample numerical solution

% Script for solving Bagley-Torvik equation with zero 
initial conditions:

clear all

alpha=1.5;

% Numerical solution:
h=0.075;
T=0:h:30;
N=30/h + 1;
B=zeros(N,N);

% (1) Make the main matrix B1_{N}^{alpha}:
bc=fliplr(bcrecur(alpha,N-1));
for k=1:N
   B1(k,1:k)=bc((N-k+1):N);
end
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Motion of an immersed plate
Sample numerical solution

% (2) Make the main matrix B2_{N}^{2}:
alpha=2;
bc=fliplr(bcrecur(alpha,N-1));
for k=1:N
   B2(k,1:k)=bc((N-k+1):N);
end

% (3) Make the matrix for the entire equation:
B=h^(-2)*B2 + h^(-1.5)*B1 + eye(size(B1));

% Make right-hand side:
F=8*(T<=1)';
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Motion of an immersed plate
Sample numerical solution

% Make right-hand side:
F=8*(T<=1)';

% (3) Use zero initial conditions:
F(1)=0;
F(2)=0;
B(1,1)=1;
B(2,1)=-1/h; B(2,2)=1/h;

% (4) Solve the system BY=F:
Y=B\F;

% Plot the solution:
figure(1)
plot(T,Y,'r')
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Short memory principle for FDEs

Consider the problem:

for the following RHS:
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Short memory principle for FDEs
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