Green’s
functions

George Green

(14 July 1793 — 31 May 1841)

In 1828 Green privately published "An Essay on the Application of Mathematical Analysis to the
Theories of Electricity and Magnetism”. The essay introduced several important concepts, among
them a theorem similar to modern Green's theorem, the idea of potential functions as currently
used in physics, and the concept of what are now called Green's functions. It gained him admittance
to Cambridge as an undergraduate in 1833. He graduated in 1837 and was elected to a fellowship in
1839, two years before his death. The fellowship was for bachelors; Green qualified because he had
never formally married the mother of his six children. No portrait of Green was ever made...

Green’s function

Classical case (recall)
Linear differential equation of integer order n:
Yooy (t) = f(), t€lal]
k=0

Structure of solution:

y(t) =y (1) + ys (1)

Green’s function

Classical case (recall)

3. G(t,7) and its derivatives ng)(t,’f'), (k=0,...,n—2)
are continuous in the square a <t¢,7 <t
with respect to both variables,

4. For a<t<t

1

GV yo0,7) - g 7—-0,7)=
t ( ’ ) t ( ) pn,(T)

[ jump of (n-1)-th derivative ]

Green’s function

Classical case (recall)

Definition of G(t,7):

|. Partial derivatives GE‘””(t,r), (k=0,...,n)
exist and are continuous with respect to
both variables in triangles o <t <7<
and a<7<t<b.

2. As function of t, G(t,7) satisfies equation

S neBy® () =0
k=0

Green’s function

Classical case (recall)

Consider the simplest example:

{ y'(t) = f(t), te[0,T]

y(0)=0
The solution is: o
0 T Py
w0 = [ 1wyir = [ Gnsar,
0 0

1, 0<r<t
G(t,T)z{O t<r<T =H(t—7)

Heaviside function

Green’s function

Classical case (recall)

The LT can be used to obtain Green’s function:

{ y'(t) = f(t), te[0,T]
y(0)=0

Consider the same equation with delta function in RHS:
G'(t) =6(¢)
1
s =1 > o) =1 > G = () - {

T LN -
y(t) = /G(t — ) f(r)dr Heaviside

1, t>0
0, t<0




Fractional Green’s function

Initial value problem for a linear FODE

oLa(t) =10 [iDF 0] _ =0, (k=1 n)

where

aLry(t) = D7 y(t) + Y prlt) a Dy y(t) + pa(t)y(t),

Tk o Q1 a1, or—1 _ ap—1 Q1 o1,
oDt = Dy oDy oD Dy = oDy oDy <o aDP

k
ok=Y 05, (k=12...n); 0<0o;<1, (j=1,2,..,n).
j=1

Fractional Green’s function

Definition

Function G(t, ) satisfying the following conditions
a) LiG(t,7) = 0 for every 7 € (0,1);
b) lim, st o( DY G(t, 7)) = Opy  k=0,1,...,m,
(Ok,n is Kronecker’s delta);

c) lim o0 (-D*G(t,7))=0, k=0,1,...,n—1

T<t
is called Green’s function of equation oLey(t) = f(t)

Leopold Kronecker
(1823-1891)

Kronecker believed that mathematics should deal only with
finite numbers and with a finite number of operations.

Fractional Green’s function
Main property (1)

Indeed, consider (D7'y(t), oD7*y(t), ..., oD y(t)

t
oDyt = oD [ Gt ()dr
0
t

DG, 7) f(T)dT + TE)It]lO DTG, T) f(7)

DI*G(t,7)f(T)dT

oo —

Fractional Green’s function
Main property

Solution of the problem
oLy(t) = F(tr [oDFTY0] =0, (k=1,....n)

is given by ,
o) = [ Gl fryar
0

Fractional Green’s function
Main property (2)

t
oDy(t) = oDi*(oDi"y(t)) = oDi"/rDi“G(tT)f(T)dT
0

- /rD?“(TD?’G(tT))f(T)dT
0

+ lim D (DGt 7)) f(7)

t
= /T'szc(t,T)f'(T)(lT
0

t
and similarly up to oD7" 'y(t) = /TD}’"’IG(t,T)f(T)dT
0

Fractional Green’s function
Main property (n)

But:
t
oD y(t) = oDE" (oD y(t) = nnf!"/ D" Gt 7) f(r)dr
0

t
= / D (DG ) f(r)dr + lim DR (D] G ) f(T)
0

t

- / DIG(t, T) f(r)dT + f(t)
O

Therefore,
oLiy(t) = / LGt 7) f(T)dT + f(t) = f(t)

0




Fractional Green’s function

Constructing solutions of equations with zero RHS

Motivation: consider an integer order example:
G"(t) + a*G(t) = 3(t)

g +a®) =1 gls)=5—

1(t) = cosat Pa(t) = . sin at
P1(0) =1 ¥2(0) =0
$1(0) =0 Ph(0) =1

Fractional Green’s function

Constructing solutions of equations with zero RHS
Motivation: consider an integer order example:
y" (1) +a’y(t) = f(1)
y(0) = by
y'(0) = b
Solutions:

y(t) = bytbn (1) + batba(t) + / Gt — 7)f(r)dr

— G + G + / G(t —7)f(r)dr

Fractional Green’s function

Constructing solutions of linear equations with constant coefficients

y(t) = Z brbu(t) + / Gt — ) f(r)dr,
k=1 0

be= [ 'y(0)]
D

Up(t) = oD FG(t),  oD{"F =, DTt Dt

Fractional Green’s function

Constructing solutions of equations with zero RHS

Consider the case of constant coefficients.Then
G(t,7) =Gt —71)

Take wa(t) = oD}G(t), 0< <oy, Then
0Lya(t) = oLe( 0DIG(L)) X oD} oLiG(t)) = 0.

due to zero initial conditions
(definition of FGF)

Also, on”’A’lz/A(t)L:O =1

= [opp"" (D}c)]
= [ 'G()] ,= L

=

[OD?"”\’I:’/A (t)}

t=0 t=0

Fractional Green’s function

One-term equation

a oDty (t) = f(1)

1
g1(s) = s

1 tet
G0 =3 1w

v = 0/ s = 1 oD%

Fractional Green’s function

Two-term equation

aoD7y(t) +by(t) = f(t)
1 1 1
as* +b aqurg

92(s) =

1, b,
Go(t) = gta 1Eﬂ,a(75t )




Fractional Green’s function

Three-term equation

aoD7y(t) +boDfy(t) +ey(t) = f(t) B>
gs(s) = 1 1 e 1
I = 4P ¥ bsot¢  casPatbig =
asP—a

S—Qk—cx

,*Z( 1) ( )HIW

ket 1k b 5
(<) g, b

QM—‘
i

() d S G+E)y
Ey )= EAI(J) ngj! EVES Y

Fractional Green’s function

Four-term equation

a oDYy(t) +b oD2y(t) + c oDy (t) + d y(t) =
1

4 PV R
94(p) ap? + bp® + cp* +d
) = 1 1 _ o a p # 1
e = ap? +bp? g _cpad S PP talh 1+ alep*Pialdp=?
np”‘ + bp 7 +a b
i( ym "
» *’+a*1b)””1
0 m kamt
_ 1ym pokim
> V" e )
1= m m pok—Bm—6
:’Z(’l) ( ) ( ) 4 —Tpym+1
a (PP +a=1h)

Fractional Green’s function

Four-term equation

a oD]y(t) +b oDy(t) + c oDy (t) + d y(t) = f(1)
1
9.1(1’) = ap? +bp’3+(3p“ Td

LS 1 (=d\" IS (m) (e ma)—ar-1 ), b s
o A B ) e

Fractional Green’s function

General case: n-term equation

an DPry(t) + an—y D*=y(t) + ...+ ay D'y (t) + ag DPy(t) =

1
p)= 7 7 7
9u(p) anpn + an—1pP-1 + ...+ a1p + agp®

multinomial coefficients

Golt) = 1 i =y Z (m; ko, k1, .. kn—2)

m=0 : k0+k1+ Hh—g=m

n—2 k. —
( a; ) i t(ﬂ..fﬂufl)TnﬂfquZT:;(ﬁn—l*J?,)/“1*1
i=0

x E™ 1B
Bn—Bn—1.+Bn+Y s (Bu-1—Bi)k; an

Power series method

Taylor's expansion:

= f0),,

n!

ft) =

n=0

A|So; Methodus incrementorum directa et inversa (1715) !

* invented integration by parts
o calculus of finite differences

* a change of variables formula

Brook Taylor
(1685 - 1731) * a way of relating the derivative
of a function to the derivative of
the inverse function
In 1712 Taylor was inted to the i set up to adjudi on whether

the claim of Newton or of Leibniz to have invented the calculus was correct.

Power series method
One term equation: zero initial condition

oDfy(t) = f(t), (t>0) 0<a<y
y(0)=0

Assume that the RHS can be expanded in Taylor series
that converges for 0 <t < R:
_ = M0,
fe) = WZ:oTt

; o _ L0+ s
Knowing oD;'t :m‘ ,we can look for the

solution in the form:

o0 oo
y(t) = 1@ Z ynl™ = Z gut e

n=0 n=0




Power series method

One term equation: zero initial condition

Zero initial conditions are satisfied; consider the equation:
oDy (t) = f(t)

(1
ZJN F(‘i"’i‘{l’” t" Zf

n=0 n=0

Comparison of the coefficients gives:
F™(0) T
Mrnta =0

e M),
Therefore, y(t) =t §F(1+n+a)t )

Yn =

Power series method

One term equation: zero initial condition

In the considered simple case we have:

S f(n)(o) F("’ + 1) n+o

Z n! F(l+n+a)t
(n

Z f ) oD ot"

(n)
:UDIQ{Zf 0 }

n=0

=oD, " f(1).

Power series method

One term equation: non-zero initial condition

oD{y(t) = f(), (t>0) N<a<y
y(0) =4, (A#0)

At @
T'(l-a)’

The solution exists only if f(t) ~

(t—0)

Suppose  f(t) = thi‘) + f: fat™ * (coeffs.are known)

n=1

and look for the solution in the form

= Z ynt”‘

n=0

Power series method

One term equation: weak singularity in the RHS

00 (n)
Suppose f(t) =t%g(t), (B>-1), 9(t)=) ”T;mt".

n=0
and a+£>0

Look for the solution in the form:

00

0
y(t) = to+0 Z ynt™ = Z ynt s

n=0 n=0

Then the coefficients in the solution are:

L1+ n+8) g™ (0)

Tl+n+a+p)T(n+1) (n =1,00).

Yn =

Power series method

One term equation: non-zero initial condition

Consider the equation:
oD7y(t) = f(1)

v \

T(1+n) _ A[
ZJ" = +ant" @

I'la+n—a) =

Comeparison of the coefficients gives:

T(l+n—a)
I'm+1

0
_ Z Yut™

n=0

yo=A4; Yo = fus (n=1,00)

Power series method

One term equation: initial condition in terms of R-L integral

oDfy(t) = f(t), (t>0) 0<a<y

oDF ()| =B

Suppose that the RHS can be expanded in Taylor series:

i ™)

L Vyn
n!

ft)=

n=0

We can look for the solution in the form:

00

00
t) — tnfl Z yntn — Z y,,t"*“’l

n=0 n=0




Power series method

One term equation: initial condition in terms of R-L integral

Consider the equation:
oD7y(t) = f()

¢ ooN

- Tn4+a+1), & f™0) , /L) =0
Z Yn+1 =
n=0

T(n+1) T(n+1)

n=0

Comparison of the coefficients gives:

F(0)

ora+y "0

Ynt+1 =

Still have to determine %o

Power series method

One term equation: initial condition in terms of R-L integral

To determine o, the initial condition must be used.

£
UD;‘lily(t) = Z Yn ODzliltnﬂﬁl
n=0

= Tn+a)
— m
2 v T(n+1)

n=0

Taking the limit as ¢t — 0 we obtain:

a— B
D] = T = w =

Power series method

Equation with non-constant coefficients

Consider the following problem:

%(f(f) W® +1) + XD y() =0,  (0<t<1)

y(0) =0,
For some particular types of f(t) a solution can be
obtained. Suppose

f(t) = an['“/za fo=1.
n=0

Then the solution can have the form:
o0
y(t) =Y yut"/?
n=1

Power series method

Equation with non-constant coefficients

Initial condition is satisfied by the chosen form of solution.

The the comparison of the coefficients gives:

" r(2+1
n=—f, D Unsr-kfr + Ayn% = —fat1
k=0 T (%)
recurrence

Power series method

® Examine the initial conditions and the RHS

® |nitial conditions and the RHS of the
equation determine the class of solutions
and dictate the form of the series

® The key formula is

T(1+v)
Il+v—a)

-

oDt =

Power series method

Equation with non-constant coefficients: particular case

Take, for example,

Then yn o= 1,
Y2 = U (1 - )\FIE?EQ)ZJ) ;
A
Yn+tl1 = Yn (1 - )‘F (;1;3))




Power series method

Equation with non-constant coefficients: even more particular case

If we take
NS
i)
2
then
TR _ 2 o
T v R
_T(5/2)  3yw _ 3
=T - i y(t)f\/lif-k—(lf?)t

Power series method

Two-term nonlinear equation

Consider the following problem: Ao
> 2
oDi () = A(y(t) ~w) =0, (¢>0)
y(0)=0
The solution can have the form:
y(t) =Y yat™?
n=1

(because ,p/*y(t) and (y—A)* both give the series of
the same form)

Power series method

Two-term nonlinear equation

Initial condition is satisfied; use the equation:

oD} 2y(t) ~ My(t) ~w)" =0

and we obtain the recurrence relationships:

) r(2)

5 (1) s = AP+ 2y0y2) —er

— A2 Y3 Y1 Yoy2 5\

Y1 Yo a0 I'(3)
F(%) n—1 F(”;l)

Y2 = “yﬂylma Yn = /\Igykyn—k—lr(n+z-

N




