The Laplace transform method
for fractional differential
equations

The Laplace transform method for FDEs

EXAMPLE 2.
oD@ f(t) + oDIf(t) =h(t), 0<g<Q<1

Solution: applying the Laplace transform:
(89 +s0F(s) =C+ H(s).  C=[oDI'f(®)+oDZ )] _,

F(s) = C+H(s) CH+H(s)

st (@it 1) (c+H(s)

s 4
sQ-1 41
and the inverse transform gives the solution:

FH)=Cam)+ / Gt — Ph(r)dr,
0

C=[obf ft)+ oDF F®)] . Gl =197 Eg_yq(—t97T)

t=0
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The Laplace transform method for FDEs
EXAMPLE 3.
oD}y(t) — My(t) = h(t), (t>0); n-l<a<n.
[0 @] _ =t (k=12 )
Solution: applying the Laplace transform:
S (s) — AY (s) = H(s) + Z byt
H

k=1
_H() | Nn, s
Y(s) = “7A+k2:1bk5_A

s
and the inverse transform gives the solution:

n L
) = 3 bt B g1 (M) + /(L 1) By a (At — 7)) h(r)dr
k=1 0
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EXAMPLE 1.

oD +af) =0, (>0 o0 )] ~C

Solution: applying the Laplace transform we obtain

o) — _ —1/2
Fe) = o ¢=[0"10)],,
and the inverse Laplace transform gives the solution:

f(t) = Ct™ 2B, 1 (—aV).

11
22
If a=1,then

ft)= C(\/% — cterfc(ﬂ))
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with sequential derivatives

=0’

L{oDEm 10 8} = B (s) — 3 somomes [mfm 10
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The Laplace transform method for SqFDEs
EXAMPLE 4.

§ 0<ac<l,
oDg (0D/y(®)) +ay(t) =0 0<pB<1,
[nD? ! ( aniJ/(’))][:U =hi, [nD}Hy(’)L:U =by, a+p=1/2
Solution: applying the Laplace transform: o= B s — = 2

o =0, om=a+p

(s** +a)y (5) = 5%y + by,

Y(s)=by— > + by

1
o= 3+{ P ia

and the inverse transform gives the solution:

y(t) = bot? " Bayp p(—at*™0) + 01t P By g oy p(—at® )

For s=0 and a=1/2 (and,of course, b, = 0) we have the
solution of Example I.

To recall the standard procedure:

dy() V(6 = bF
o ar(n=br()
()T (0%)+ay(s) = b (s)
s =20 ){ b }f(s)
s+a +a

Y()=Y(0")e " +b[e““VF(1)dt
0

The Laplace transform method for SqFDEs

EXAMPLE 5. oD (0Dly(®) + oDfy(t) = ht),

0<a<l,0<f<1,0<qg<l,a+3=Q>q

Solution: applying the Laplace transform:
(59 4 s9)Y (s) = H(s) + s%ba + by,

= [o0¢ " (oD{u®)],_, + [0DI " u(®)]

=0’

by = [DD}HQU)L:O

SUH(s) sa-a s
Y0 = a1 P P e

and the inverse transform gives the solution:

y(t) = bat? IE0+3*11.;3(*tu+‘3 ) + b t? anf?fq,aJrﬁ(*tﬂJr} )

+ 0/'(f =) By gass (=(E = 7)) h(r)ar.

Problem #I|
Find a general solution of the FDE with R-L derivative:

JDVY (1) +aY(t) =bF(t).

Solution: Vs ¥ =LD Y] +av(s) =07 (5)
S e Lol

If F)=0,then ¥(r)= % Eyp p(-av)

()=

In general, A p(tyde

O =5 Ep oo 22 (FF )

Do it yourself !

Problem #2 =
Find a general solution of the FDE with Caputo

derivative: ”
CDYV2 Y(£)+a Y(t)= b F(1)

Solution:  Jsy(s)- I[Y(O MN+ay(s)=bf (s)

YOO, bfGs)
Y= s ra) Ns+a

If F(n)=0,then

Y(t)= AE,, [-avVi] A=Y(0")

In general case: similar to Problem #1 ( + convolution)




Problem # 3 e

Find a solution of the FDE with R-L derivative:

dF(t) dVF(t)

ot g C2E0=0
with initial conditions:
172 +
F0"=0, 47FO) ¢

ar?

Hint: s+vs-2=(Vs-1)(Vs+2)

Formal solution:  F(1)= ﬁ[El La(-2V0)- E, 2,z(xft)]

Question: what can you say about the initial conditions?

Problem # 4

Solve the following initial value problems:

(@) oDV (1) - Y () = -1 b) P vip= - Tlfr
LoD Y] =0 Y(0) =

Explain the obtained results. Click when you are ready.

The solution in both cases is: Y(t)=1— El/z( t)
Equation () can be transformed to equation (b).

Problem # 9

Use the Miller-Ross formula

1
- :;smfl(s*aq)’ where a=1/q, g€ N
for evaluation of the inverse Laplace transforms:
—1 1 —1 1 -1 1
@ {7 ®: {f—} (c) + {ﬁm—a)}

Answer: (3 %EH 12 (a*) + By (o)

(b) 72 Ey 1/5(a®t) + at ™'/ Ey 53(a’t) + a® By (a®t)

(c) ﬂ\/iEl.:x/z (ﬂzt) + E1a (ll2t)




