Fractional Derivatives
(continued)

Selected approaches
Interpretations
Properties

Generalized functions approach

Convolution Cauchy’s
of f(t) and g(t) formula

1@x9) = [ £t =ryar 10 = gy [ (€= 77 (0

L ‘ l T

tnfl
) = f(t) * T(n)

where both functions, f(t) and t" 1 are replaced with zeroes

for t <a and t <0 ,correspondingly.

Definitions already presented...

® Grunwald-Letnikov =~ =P/ = I ”’p;)(*l)"(f)f‘“””

nh—t-a

® Riemann-Liouville

kL
o Left-sided DL = = () [ €=
(] Right-sided DIF() = ﬁ (7%>k /(T —tE L () dr
® Caputo
_ci Cpappy L t fM(r)dr
o |eft-sided Do f(t) = o) /a G —)ern
® Right-sided 4

Generalized functions approach
Dirac’s delta function 4(t) |. 6(t—a)=0, t#a

| 2. /6(t7u)dt:1, €e>0

a—e

3. / F)3(t — a)dt = f(a)

oo

SN "4, {5 —a)s} /e St —a)dt = e, (a>0)
-2 4% whae £ -0 J
1, t -
/ 8t~ a)dt = { 0, ¢ ) 5 / F)8W(E = rydr = FO(t)

o0
‘ Heaviside’s unit step function

H'(t—a)=46(t—a)

Igor, come, | have
something to show you...

YangQuan, you always have
something new to show

Generalized functions approach

. o1
Consider (1) :{ Iy (>0

0, t<0
It is known that

limktbp(t):d) ) =6M@),  (k=0,1,2,...)
p——k

U
Integrals: FEP(E) = f(t) * Dp(1) &

Derivatives: £O@t) = f(t) () = f(1) * 6(t) = f(2),
FO@) = F(8) * ®a(t) = (1) x5'(t) = £(1),

FE@) = F@) * 2_i(t) = £(8) %8P (@) = SO 1)




Generalized functions approach

Important property:

p(t — a) % By(t) = Ppiy(t —a)

Indeed, @,(t-a)+a,0) =

E—apret o .
Fra 07O

_ (t—apre?

T T+

Generalized functions adpproach
elta,

Fractional derivative of the power function, Heaviside

a

~or (t—a)? (t—a)p 1
Df(r(qul)) = (t>a)

T(l+q-p)
\q =-n—-1(mn=>0)

Apsn) oy (t=a) Pt
¢=0 aD}5M (t —a) = Ten=p) (t>a)

T e S

g—p+1=-n(n=>0)

Y4 (tfa)pinil _ sln
an,( T(p—n) )76()@7‘1)* (t>a)

Generalized functions approach

Composition of fractional derivatives
If f(t)=0 for t<a, then

()% @y ()  @y(t) = F(2) % (@p(1) % y(2)) = F() % Dpg(t)
oD (aDEF®) = DY (uDPF()) = o PP f(2)

for any p and gq. This is a big advantage!

Generalized functions approach
Links between Riemann-Liouville, Grunwald-Letnikov,
and Caputo fractional derivatives

-1
Using (1),,(,5),{ ey 0

0, t<0

the Riemann-Liouville definition can be written as:

LS = (1) B0y (1)

and the Caputo derivative is:

ors) = (L0 v, ,0)

Generalized functions approach

Fractional derivative of the power function

Power function:

o ﬁ (t>0)
Pari(f) = <q+1)’{ 0, (<o)

,,,,,,,,,,,,,,,,,,,,,,,,,

Derivative:

pt—a)y  (t-a)??
Di(iGan) = tara—m ¢

Generalized functions approach
Links between Riemann-Liouville, Grunwald-Letnikov,
and Caputo fractional derivatives

Let us suppose that the function f(t) is (n — 1)-times continuously
differentiable in the interval [a, T] and that f")(t) is integrable in [a, T].
Then for every p, (0 < p < n), the Riemann-Liouville derivative ,D f(¢)
exists and coincides with the Griinwald-Letnikov derivative , DY f(t), and
if0<m—1<p<m<n, then for a <t < T holds

m—1 )
5 i B f(J)(u,)(t —a)l7P 1 f(m)(T>(lT
DVF(t) =DV f(t) */Z:% T(l+j—-p) e T(m—p) /(f Z oyt

n—1
DIF) = SDVF) + > O pra(t —a) [P (a)

k=0




Generalized functions approach
Links between Riemann-Liouville and Caputo derivatives
and generalized / conventional derivatives

n—1
D) = SDVF() + 3 @it (t — a) [P (a)
k=0
Taking p — n

n—1

eDRf(t) = SDRF@)+ Y 6 * (¢t —a)fP(a)

L—n

Compare this with the known relationship:
n—1

FO) = 17 + 3 60 - a) /()

k=0

Sequential fractional derivatives

... or still another way:

f(t)y dd d
g —aia @l W

‘, x

'Daf(t) = DY D* ...Da"f(t) a=ar+az+...+ay,

Generalized functions approach
Links between Riemann-Liouville and Caputo derivatives
and generalized / conventional derivatives

The Riemann-Liouville definition serves as a
generalization of the notion of the generalized
(in the sense of distributions) derivative,

while

the Caputo derivative is a generalization of
differentiation in the classical sense.

Sequential fractional derivatives

Link to the Riemann-Liouville and Caputo derivatives

Riemann-Liouville derivatives:

dd d __(n—
V4 —_ -2 ) (” I’) —1<
oDYf(t) didi T dt oDy f(), (n—-1<p<n)
| S ——
Caputo derivatives
, gy dd d
DR = WDy " ST W), (n-1<p<n)

n

Cumulative order is the same, but properties differ!

Sequential fractional derivatives

The main idea of the fractional calculus:

" f(t) el d*f(t)
dtn dte

There is also another way (K.S. Miller and B. Ross):

fit)y dd d
g —aiaaid®

n

D™ f(t) = DD ... D* f(t)

n

Sequential fractional derivatives
Appear more often then one expects!

y
. . : . 4
Differential equations modelling processes or
objects arise as a result of a substitution of one

relationship involving derivatives into another one.

If the derivatives in one or both relationships are
fractional derivatives, then the resulting expression
equation will contain — in a general case —
sequential fractional derivatives.




The Leibniz rule

Integer order derivative of a product

o (owrm) =Y (:) A O

k=0

Let us consider

R-L differentiation of an integral
depending on a parameter

We know the classical formula:

t
d _ [OF(t,T)
E/F(t,r)d-r - / o+ F(t.t—0)

Main application — in the theory of Green’s functions.

The Leibniz rule

It can be shown that

Qb (1) = oD} () f(1)) + RE(t)

t
/ (t =)~ f(r)dr / P () (r — )" de

Therefore,

DE(e(0)1(0)) = kgo ( ) DI () - R2(0)

R-L differentiation of an integral
depending on a parameter

T(l—a) (lt (t—mn)

e ‘ :ruiaﬁ%fh/ufnw

t ¢
Consider oD} /K(t,‘r)d‘r: _ 1 4 7/K 7, 7)dT
0

¢
a T B T

7/Ek(t.‘r)dr+rglllloK(t.‘r)

0

'

_ o : a-1
7/,D1 K(t,r)dr+ Tim DR~ K (t,7)

0

The Leibniz rule

We can have a more elegant formula... Consider:

t 1
(1) = n.(r(l )p) (=72 f(ryr [ o+ Gt - )¢
a 0

E=T4((E-T)

—aynrtl g i T =a+n(t—a)
= n,F U/O/Fa(t&n) nd¢

Fa(t,¢,m) = fla+n(t—a)e™D(a+ (t—a)(( +n—(n)

If f(r) and «(~) along with all their derivatives
are continuous in [a,t], then nlLHéo RE(t) =0, and:

DI (o)) = <§><p(’“) (1) a DY (1)

k=0

R-L differentiation of an integral
depending on a parameter

Therefore,

t t
oD,a/K(t T)dT = /TD K(t,7)dr + hm +Dy~ 1]((1‘ T) (0<a<1)
0 0

Important particular case: K(t,7) — K(t—7)f(7)

t

t
oDf U/K(tf‘r) Flr)dr = U/ODSK(T) Fle=r)dr+ Jim, flt—7)oD2~ K ()




Behavior near lower terminal

Behavior far from the lower terminal
Suppose that near ¢t =a we have f(t)

0, (p<0)
Jm, WD) = lim DIf() =9 fla), (p=0)

o0, (p>0)

i f(kk)'(“) (t —a)* Then, using definition of the gamma function
k=0 and the reflection formula for the gamma function
Differentiating term-by-term: . — A

Po(t) = Pt AT w

JDPF(t) = JDPA(1) Zr )f,a)k-fp aDL(p(t)_kz:;)l“(k:-&—1)F(p7k+1)1“(k7p+1)50 ®)
k=0 _ L@+ Dsin(pr) ¢ (=D (t=a)* 7 ),

Therefore, " kg;; LR

DRI = DRSO ~ 1= a7 a0

Behavior near lower terminal

Now suppose f(t) = (t — a)if.(t), where f.(a) # 0,

q¢>-1, and f.(t) can be represented by the Taylor
series. Then we have:

k), :
DI =3 F (a) Tla+k+1)
k=0

+— q+k—p
T(g+k—-p+ 1)( @)

Do)~ LT ED

T(g—p+1) (t—a)™

, (t—=a+0)

0, (r<aq
thm JDVf(t) = %7 (r=1q)

o

; (r>q)

Behavior far from the lower terminal

Now suppose [t/ > |a| . Then

(t—a)t? =¢br (1 - %)H = tkr (1 _(kE=pa ;p)a +0 (i)))

t2
bep . p , (P—K)at"
(t—a)" Pt P+ T ([l > lal)

Substituting this into the formula from the prev. slide
_1)kgk-p
e

(1)t (1)
‘ k!

T(p+ 1)sin(pr) |
WDplt) ~ “@EDon {

m

k=0
a
3

o

k

E
MR

Behavior far from the lower terminal

Recall the Leibniz rule:

DI (o)1) = Y (Z)wc) (1) aDY (1)

k=0
Take f(t) = H(t—a) (the Heaviside function)

Dt =3 (2) 0 0 e

(t(la U=9 Lo +Z<v) U= o

Tk—p+1)”

Behavior far from the lower terminal

QD;JW([,):X:G:) F(f]\ :) ) S9(1)
I‘(p+1 sin(pr) [ o= Vegk=p k=0
oDip(t) = E #W()
(p— 1. k!

1 kik, (k)
tp+1 Z( ) oo (f)}
Therefore,

oDPo(t) = oDly (t)+uF(p+ 1) sin(pm)p(0)

rtp+l
K Note this!

For large t

(Il > lal)

oDYo(t) = oDYo(t), (it > lal).

Think about interpretation.




Behavior far from the lower terminal

Another way: fix ¢+ and suppose a — —oo.Then |a| > |t]

. - k—p B k—p)t 2
et e o)

(p — k)ta*

— )P gk P
(t—a) ~a" P+ s

(It} > al)

aD{,L;(t)zF(p-%—l)sin(pﬂ) {i H)k(tf(tf,l))k—pw(k)(t) Note moving

(p—Fk)K!

2 (C1)K(E— (t — a)) ko)
LZ ) (tk! ) (t)}

lower terminal!

¥

oDV o(t) = 1o DY(t)
(lal > [¢))

tC(p+ 1) sin(pm)p(t —a)

WDP(E) ~ 1o Dlp(t) + e

Laplace transform — basic facts

Laplace transform of convolution:

10y 90) = [ se=mgryar = [ 1r)ge —r)ar
0 0

L{f(t) = g(t); s} = F(s) G(s)

Laplace transform of integer order derivatives:

n—1 n—1
L{fr(t); s} = s"F(s) = Y s" 10 (0) = smF(s) = Y s* =51 0)
k=0 k=0

Laplace transforms of
fractional derivatives

Laplace transform of R-L integral

Riemann-Liouville integral is a convolution:

A —1
D10 =0 DI f(e) = s [ -y (r)r = g S0
0
=1
G(s) = L{@é sp=s"
Therefore,

L{oD;?f(t); s} = L{oD; " f(1); s} = s PF(s)

Laplace transform — basic facts

If elft)) <M forall t>T, then

F(s) = L{f(t)y s} = [ oyt
0
c+ico
Ft) = LHF(s); t} = / #'F(s)ds, c= Re(s)> co

c—ioo
Laplace transform of convolution:

10+ = [ ft=r)atr)ar = [ 1(ya(t = ryir
0 0

L{f(#) x g(t); s} = F(s) G(5)

Laplace transform of R-L derivative

The R-L derivative can be written as

oD () = g™ (),

t

/(f — 1) f(r)dr, (n—1<p<n).
0

olt) = oD )

Using Laplace transform gives:

n—1

L{oD}f(t); s} = s"G(s) — Y_ s*¢"*71(0)
k=0




Laplace transform of R-L derivative

From the previous slide:

n—1
L{ ()th)f(t); st =5"G(s) — Z Skg(nfk—l)(o)
k=0

Take into account that
G(s) = s (" PF(s)

(n—k—1) d F U ) k-1
g (t) = W oD, f(t) = oDy f(t)

Then we obtain: unusual initial values!

n—1

L{oD}f(); s} = " F(s) — Y s* [oDF 7 f(1)]

t=0
k=0

(n—1<p<n)

Laplace transform of sequential derivatives

Recall the Laplace transform of R-L derivative for 0 < o <1
L{oD} f(t): s} = s"F(s) = [oDy ™" f(2)]

and use it m times:

t=0

L{oDfmf(t); s} = £{oDi™ D" (1) 5}
= pL{ D" F(1); s}
= [oDi =t Dy f )]
= L{ oD (s 8} = [oD7 )]
= porten L{DE £(1); s}
= [oDfm O]
=[opt ],

Tl
= $TF(s) = ) 8T Tk [O'D?’iﬁlf([)}lzo'
k=0

Laplace transform of Caputo derivative

Let us write the Caputo derivative as follows:

§DPf() = oD; " Tg(t),  g() =),  (n—1<p<n)

Using the Laplace transform of the R-L integral gives:

L{SDf(t); s} = s~ P)G(s)

n—1 n—1
We also know G(s) = s"F(s) = > s" 1 {0 (0) = s"F(s) — Y 5" f =1 (0).
k=0 k=0
Therefore,
n 1
L{§DYf (0} = " F(s) = 3_s# 1 f®(0),  (n—1<p<n)
k=0

usual initial values!

Laplace transform of sequential derivatives

The final formula is:

L{ oD f(t); s} = 57" F(s) mf s7mmom= [o D7 (1)

=0’
k=0

k=1 _ Amok—1 k1 a1
DI = DTl Dokt e

(k=0,1,...,m—1).

|. f(t) m-times differentiable,
1) » Caputo

am=p, =1, (k=12,...
Riemann-
# Liouville

in r-order
3. all ap=1 mm) Integer-orde
classics

2. v =p,op =1, (k=2,3,....,m)

Laplace transform of sequential derivatives
Let us introduce the following notation:

T,
llDt m

fe QAm—1 at,
oD§m G DL DS

D7t = Dy DY DY

m
Om =Y aj, 0<a; <1, (j=1,2,....,m)
j=1

Fourier transform — basic facts

F{h(t); w} = /cm‘h(t)dt, h(t) = % / He(w)e ™! duw.

Fourier transform of a convolution:

h(t) % g(t) = //z(t—T)g(T)dT: /h(T)g(th)dT

—oo —0

Fe{h(t) * g(t); w} = He(w) Ge(w)

Fourier transform of integer order derivatives:
if h(t), b'(t), ..., ™" Y(t) vanish for ¢ — +oo, then

FAR (1); w} = (—iw)" H(w)




Fourier transform of the R-L integral

w):{ ey @20
0, @<
Fe{ht(t); w} = (—iw)™*
—ooDy % f(t) = by (t) * g(t)

Using the transform of a convolution gives:

Fo{ D7 %g(t); w} =(—iw) ™ G(w)

Fourier transform of fractional derivatives

If a= —o0 ,then all definitions are identical:
—oD{g(t) L ()
1 g\""(T)dT _
—soDig(t)p= / i = D g"M()
Cpggp)) Tl 0T

(n—1<a<n)

Then we obtain the same expression for F-transforms:
FADg(t); w} = (—iw)* ™" F, {g™(); w}

(—iw) ™ (~iw)" G (w)
(—iw)*Glw),

E(Dg(); 0 = (-i)"Glw) |




