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How to generalize?
Which notation to use?
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Grunwald-Letnikov approach
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Which properties to preserve!?

I. For integer orders must give classical derivatives/integrals
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Grunwald-Letnikov approach
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p is an arbitrary integer number; n is also integer, as above.

Obviously, for p < n we have
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What shall we have if p is negative?
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If n is fixed, then
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Case of p=2. In this case we have
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To arrive at non-zero limit, we must have
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It can be shown by mathematical induction that
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We see that the derivative of integer order p
and the p -folded integral of a continuous
function f(¢) are particular cases of the
expression
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Grunwald-Letnikov approach

Letnikov showed that if f(¢) has
m+ 1 continuous derivatives in [a,b],

and m >p—1, then (fractional derivative)
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The smallest possible value for m is such that

m<p<m-+1

Grunwald-Letnikov approach

Left-sided G-L fractional derivative:
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Note that this is a generalization
of backward finite differences

Grunwald-Letnikov approach

G-L fractional derivative of the power function
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Grunwald-Letnikov approach

Letnikov showed that if f(¢) has
m+ 1 continuous derivatives in [a,b],
then (fractional integral)
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This formula immediately provides us with the
asymptotics of .D;7f(t) at t=a.

Grunwald-Letnikov approach

Composition with n-th integer order derivatives

Replace m with s suchthat s>m+n—1
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Grunwald-Letnikov approach

Composition with n-th integer order derivatives

Since s>m+mn—1 is arbitrary,
let us put s =m+n— 1. This gives:
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Griinwald-Letnikov approach

Composition with n-th integer order derivatives

Conclusion:
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only if f®@=0, (k=0,1,2....,n-1)

Grunwald-Letnikov approach
Composition with n-th integer order derivatives

Now let us consider the reversed order:
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Griinwald-Letnikov approach

Composition with fractional derivatives

Similarly, it can be shown that
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Grunwald-Letnikov approach

Composition with n-th integer order derivatives

Now compare:
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Riemann-Liouville approach f1=
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Manipulation with G-L fractional derivatives defined
as a limit of fractional order backward difference
is not convenient.

Solution? The Riemann-Liouville fractional derivative:
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Riemann-Liouville approach

Direct link to the G-L fractional derivative

if /(t) has m + 1 continuous derivatives in [a,}],
then repeated integration by parts and
differentiation gives immediately:
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Riemann-Liouville aJ) proach

Unification of differentiation and integration
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Riemann-Liouville achroach

Unification of differentiation and integration

Suppose f(7) is continuous and integrable in every
finite interval (a,t).The function f(7) may have
an integrable singularity of order r <1 at 7=a:
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Riemann-Liouville aclaproach

Unification of differentiation and integration
Suppose that n >1 is fixed and take % > 0. Then
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where symbol D~* denotes & iterated integrations.

On the other hand, for n>1 and k>n we have:
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Riemann-Liouville afproach

Unification of differentiation and integration

Indeed,
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Therefore, we can consider two-fold integral f(~2)(t)
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Riemann-Liouville afproach

Unification of differentiation and integration

General formula, where n >1 is fixed:
t
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k=n—-1,n-2,... iterated integrals
k=n function f(t)
k=n+1 n+2n+3,... derivatives




Riemann-Liouville a(!a proach

Unification of differentiation and integration

Now let us generalize.
Keep integer % and replace n with a:
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or, denoting p=k-a
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Riemann-Liouville approach

Properties

For p>0 and t>a we have:
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Backward compatibility with integer order derivatives

Take p=Fk—-1:
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conventional derivative

Riemann-Liouville approach

Fractional derivative of the power function
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Recall the definition of the R-L derivative:
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Evaluate the fractional integral (note p<0):
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Properties

For the fractional integrals we have:
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Riemann-Liouville approach

Fractional derivative of the power function
ft) = (t = a)”

From the previous formulas we have:
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The only restriction is that f(t) = (t — a)”

must be integrable, thatis v > —1.




Riemann-Liouville approach

Composition with integer order derivatives
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Riemann-Liouville approach

Composition with fractional derivatives
Consider first
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Composition with integer order derivatives

Take into account that
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Riemann-Liouville approach

Composition with fractional derivatives

Now let us interchange these derivatives
(swap p and ¢ ,and also m and n):

DH(DE) = DF 0 - 3o oDp (0] _

This is different from the previous formula.
Therefore, Riemann-Liouville derivatives,
in general, do not commute.

Riemann-Liouville approach

Composition with integer order derivatives

Conclusion: we have
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The same as in case of Grunwald-Letnikov derivatives!
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Composition with fractional derivatives

... R-L derivatives do not commute.With one exception:
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Riemann-Liouville approach

Composition with fractional derivatives

The pervious restrictions on initial values of fractional
derivatives are equivalent to:
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Caputo approach

M. Caputo (1967)
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Note the interchange of fractional integration
and integer-order differentiation compared
to Riemann-Liouville approach.

Riemann-Liouville approach

Composition with fractional derivatives

Conclusion: Riemann-Liouville fractional derivatives
commute, that is
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r = max(n,m).

The same as in case of Grunwald-Letnikov derivatives.

Caputo approach
Backward compatibility with integer order derivatives
Assume 0<n—-1<a<n andthat f(t) has
n+ 1 continuous derivatives. Then
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Why it appeared

Initial conditions for fractional differential equations
with Riemann-Liouville derivatives contain
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and / or their combinations.
Troubles with interpretations...

Caputo approach

Really different from Riemann-Liouville derivative

Riemann-Liouville derivative of a constant A:
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Caputo derivative of a constant A:
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Caputo approach

Really different from Riemann-Liouville derivative

Another difference - interchange of derivatives:
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Caputo: no restrictions on
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Left- and right-sided fractional derivatives
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Left derivative Right derivative
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Linearity of fractional derivatives
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